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Abstract. We classify complex projective varieties of dimension 2r > 8 swept 
out by a family of codimension two grassmannians of lines G(l, r). They are ei- 
ther fibrations onto normal surfaces such that the general fibers are isomorphic 
to G(l, r) or the grassmannian G(l, r + 1). The cases r = 2 and r = 3 are also 
considered in the more general context of varieties swept out by codimension 
two linear spaces or quadrics. 



1. Introduction 

Let X be a smooth complex projective variety. It is a classical question in 
algebraic geometry to understand to which extent the geometry of X is determined 
by a particular family of subvarieties of X. 

Perhaps the first subvarieties that algebraic geometers have considered in that 
sense are lines in projective varieties X C P^. Examples of the use of this idea can 
be found all throughout the literature, evolving into the study of rational curves in 
algebraic varieties that has become a central part of algebraic geometry since Mori's 
landmark work in 1980's. In this paper we will make use of the work of Beltrametti, 
Sommese and Wisniewski ( BSW]), where they study polarized manifolds {X,H) 
swept out by lines, i.e. rational curves of i7-degree one. 

A naturally related goal is the classification of projective varieties X C 
dominated by families of linear subspaces L — see for instance [E], [BSWj . 
|AB W] ■ The general philosophy here is that these varieties may be classified if 
the codimension dim(X) — Ms small. In fact, Sato classified them for dim{X) < 2t 
(cf. [S, Main Thm.]) and recently Novelli and Occhetta have completed the case 
dim(X) = 2t+l (cf. [NOl Thm 1.1]). 

One could also study varieties swept out by other types of subvarieties. We 
would like to point out two different directions. On one side we have the extend- 
ability problem, i.e. study which algebraic varieties may appear as an ample divisor 
on a smooth variety. For instance, it is well known that the quadric Q" can only 
appear as an ample divisor in P"+i or and that the grassmannian of lines 
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G(l,r) is not extendable for r > 4 (cf. |F2j ). Extendability has been studied for 
many other varieties, see for instance [B] and the references therein. On the other 
side one could consider subvarieties of codimension bigger than one. The case of 
quadrics has been treated by several authors, see for instance ^KS| . [Fuj and [Blj . 
In the three cases they study embedded projective varieties X C P''^ swept out by 
quadrics of small codimension. 

Putting together the previous considerations we find of interest the problem of 
classificating varieties swept out by codimension two grassmannians of lines. Our 
main result is the following: 

Theorem 1.1. Let {X, H) he a polarized variety of dimension 1r, r > 4. Sup- 
pose that X is dominated by deformations of a subvariety G C X isomorphic to 
G(l,r), such that H\g is the ample generator o/Pic(G). Assume further that H is 
very ample and H^[X,Iq/x{H)) = 0. Then either: 

11.11 1. there exists a morphism <^ . X ^ Y onto a normal surface such that the 
general fiber is isomorphic to G. or 

11.11 2. X = G(l,r + 1) and H is the ample generator of Pic{X). 

For the sake of completeness we have also dealt with the cases r = 2 and 
r = 3 which are special since G(l, 2) is linear and G(l, 3) is a quadric. In fact, our 
methods allow us to classify rt-dimensional polarized varieties {X, H) swept out by 
codimension two linear spaces or quadrics (see Propositions 14.11 and 14. 3|) . Observe 
that the very ampleness of the polarization is not needed in our approach, whereas it 
was necessary in the results of Sato, Kachi-Sato, [KS| . and Beltrametti-Ionescu, 
[BI] , quoted above. 

The structure of the paper is the following. In Section [2] we expose some 
background material, including a result by Beltrametti, Sommese and Wisniewski 
on the nef value morphism of polarized varieties swept out by lines, that will be 
the starting point of our classification. In Section [3] we obtain a structure result 
on polarized varieties {X,H) swept out by grassmannians of lines, based on their 
nef value morphisms. We also study the normal bundle to those grassmannians 
in X. Section |4] deals with the classification of polarized varieties swept out by 
codimension two linear spaces and quadrics. In the case of quadrics the problem of 
finding out which Del Pczzo varieties contain quadrics appears. Our solution goes 
through computing the possible normal bundles to quadrics embedded in certain 
weighted projective spaces. Finally, we finish the proof of Theorem ll.il in Section^ 
Note that this is the only place where we need very ampleness of the polarization. 
The proof involves a study of the normal bundle in X to a linear subspace of G 
of maximal dimension, as well as the result by Novelli and Occhetta cited above. 
With this ingredients at hand we study the variety of tangents to lines in X passing 
through a general point, and the proof boils down to using Sato's Theorem [Si Main 
Thm.]. 

Acknowlegements: We would like to thank Miles Rcid for his valuable suggestions 
concerning weighted projective spaces. 

1.1. Conventions and definitions. We will work over the complex numbers 
and we will freely use the notation and conventions appearing in [Haj . When there 
is no ambiguity we will denote a line bundle Ox{M) on a variety X by 0{M). 
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Along the paper a polarized variety will be a pair {X, H) where X is a smooth 
irreducible projective variety and H is an ample line bundle on X . The nef value of 
(X, H) is the minimum number r such that Kx +tH is nef but not ample. If Kx is 
not nef then r is rational and the Q-divisor Kx +tH is semiample. We will denote 
by ^ : X ^ Y the morphism with connected fibers determined by m{Kx + tH), 
m >> 0, and we will call it the nef value morphism of {X, H). 

We will denote by (G(fc,n), 0(1)) the grassmannian of linear subspaces of di- 
mension k in P" polarized by the ample generator of its Picard group, and by 
(Q", 0(1)) the smooth quadric of dimension n polarized by the very ample divisor 
defining the embedding Q" C P"+i as a hypersurface of degree two. 

We will say that {X, H) is a scroll over a smooth projective variety B if there 
exists a vector bundle E on B such that X = P{E) and H is the tautological line 
bundle. 

Given an irreducible family C of rational curves in X we will say that X is 
rationally chain connected by the family C if two general points of X can be con- 
nected by a chain of curves of C. We refer to [Hw| and pCeSo for notation and 
generalities on rational curves and the variety of minimal rational tangents. 

A vector bundle on a projective variety X is called generically globally generated 
(g.g.g. for brevity) if it is globally generated at the general point. 

2. Preliminars 

We begin by recalling the following well known features of families of sub- 
schemes: 

Remark 2.1. Let {X,H) be a polarized variety. Set G C X an irreducible 
smooth subvariety. The universal family parametrized by an irreducible component 
Ti. containing [G] of the Hilbert scheme Hilb(X) dominates X if and only if the 
normal bundle of a general deformation of G in 7i is g.g.g.. For simplicity we will 
say that Ti dominates X, or that X is dominated by a family of deformations of G. 

Given a family TC of smooth subschemes of X, one may wish to study semi- 
continuity properties on the normal bundles. In order to do that we introduce the 
following notation: 

Notation 2.2. Let {X, H) be a polarized variety and [G] be a smooth point 
of a dominating component H C Hilb(X). Let / = {{p, [G']) : p e G', [G'] e H] be 
the universal family, tti and 7r2 the corresponding projections. Tip the open set of 
smooth points oiTL and Iq = 7r^^(7Yo)- Shrinking if necessary, we get a diagram 
of sheaves over /q with exact rows: 

^ ^/o|Wo ^ ^/o ^ ^ 

Tj„\no T^lTx Nn 

where N-h :— coker(7fi) verifies A^wlc — ^G'/x, for [G'] G Ho- 

Varieties swept out by lines have been extensively studied. We will make use 
of a particular result in this direction, extracted from a more detailed exposition 
due to Beltrametti, Sommese and Wisniewski (cf. [BSWj ). 
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Theorem 2.3 ( |BSWj Thms. 2.1-2.5). Let {X,H) be a polarized variety such 
that for each point x £ X there exists a rational curve £ C X with x Cz £ and 
H ■ £ — 1 . With the notation of ll.ll we get: 

12.31 1. Either $ contracts £ (equivalently, t — —Kx ■ £): or —Kx ■ ^ + 1 < t < 
n + Kx ■ £ + 2 and, in particular, ~Kx ■ ^ < (n + l)/2. 

[2312. If-Kx-£ > (n + l)/2 then -Kx-£ = (n + l)/2 unless $ is the contraction 
of the extremal ray R_|_ [£] . 

As an application we get the following lemma. 

Lemma 2.4. Let {X,H) he a polarized variety. Assume that X is dominated by 
deformations of a smooth subvariety G d X . Assume further that G is rationally 
connected by a family C of rational curves of H- degree one. Set c := dei{NQ/x) ■ ^ 
for[£]^C. Ifc>KG-£+{n+ l)/2 then, with the notation ofWli t = -Kg -£ + 0, 
$ is the contraction of the extremal ray ]R.+ [-^] and ^{G) is a point. 

Proof. Being / : — > £ the normalization morphism, the hypotheses imply 
that f*NQ/x is g-g-g- and hence it is nef. But G is dominated by C, hence /*Tg 
is nef. It follows that f*Tx is nef too and, equivalently, X is swept out by rational 
curves of _ff-degree one. Since —Kx • £ = —Kg ■ £ + c > (n + l)/2, Theorem 12.31 
implies that r equals —Kg ■ £ + c and ^ : X ^ Y is the (fiber-type) contraction of 
the extremal ray M+ [£] . Finally, since G is rationally chain connected by the family 
C, its image by <& is a point. ■ 

3. Varieties swept out by grassmannians 

Let us start this section by fixing the setup: 

Setup 3.1. Let {X, H) be a polarized variety of dimension n = 2r. We assume 
that X is dominated by a family of deformations of G = G(l,r), r > 2. Assume 
further that 0{1) — H\g generates Pic(G) and write det(A^G'/x) — cH\g, c <E Z. 

Remark 3.2. Note that the vanishing iJ^((G(l, r), TG(i,r)) — (obtained by 
Littlewood-Richardson formula, for instance) implies that the general deformation 
of G inside X is isomorphic to G(l, r). 

We begin by applying the results of the previous section to a polarized variety 
(X, H) verifying the hypotheses we have just imposed. 

Proposition 3.3. Let {X,H) he as in \3.1\ Then either 

13.31 1. Y is a normal surface, the general fiber of $ is isomorphic to G and 
Ng/x = or 

13.31 2. Y is a smooth curve, the general fiber of $ is either or a smooth 5- 
dimensional quadric and Ng/x — O 0(1), or 

13.31 3. Y is a smooth curve, the general fiber of $ is and Ng/x — O (B 0{2), 
or 

[S314. Y IS a point, Vic{X) = ZiJ and -Kx = (r + 1 + c)H. 

Proof. Since Ng/x is g-g-g-, then c > 0. Hence, by Lemma I^TH r = r + 1 + c 
and $ contracts G to a point, which in particular gives dim(F) < 2. 

If dim(y) = 2, since the fibers of $ are connected, the general deformation of 
G coincides with the fiber containing it, hence [5T51 1 holds. 
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If F is a point, then a multiple of Kx + tH is trivial. Since <i> is an elementary 
contraction, it follows that X is a Fano manifold of Picard number 1. In particular 
Pic(X) has no torsion, thus Kx + tH is trivial too and 13.31 4 follows. 

Thus we are left with the case dim(y) = 1. Let us denote by F the general 
fiber of $, that contains a grassmannian G. Applying Lemma [T4l to {F,H\f) and 
using that the nef value morphism '^p coincides with we obtain that _F is a 
Fano manifold whose Picard group is generated by H\f. But G appears as an 
effective, and hence ample, divisor on F. In particular c > 1. On the other side it 
is classically known that this is only possible (cf. |FH Theorem 5.2]) if r = 2, 3. It 
follows that G is either or a smooth quadric of dimension 4. If the former holds 
then F = P^, the exact sequence 

(1) ^ Ng,f -> Ng,x ^ O ^ 0, 

splits and we get 13.31 2. If the later holds then —Kq = 47J|g. This implies that 
—Kp = (4 + c)H\p, and applying Kobayashi-Ochiai characterization of quadrics 
and projective spaces, [KO| . either c — 1 and is a 5-dimensional quadric, or c = 2 
and F is isomorphic to P^. The splitting of the exact sequence ^ concludes the 
proof. ■ 

Remark 3.4. Let us remark that in the case 13.31 1 when r = 3 we get smooth- 
ness of Y when H is very ample or $ is equidimensional, see |ABW2l Thm. B] and 
[BSn (2.3)]. In fact, Y is conjectured to be smooth, see [BS2l Conj. 14.2.10]. In 
13.31 3 or in the first case of 13.31 2. if H is very ample, all fibers of $ are isomorphic. 
However this is not true in general, as one can see by considering certain quadric 
sections of the Segre embedding of x P^ c P^^. 

At this point, one would like to determine Nq/x also in the case l3.3l 4. but this 
task is not as simple as in the other cases. In fact certain restrictions might be 
imposed in order to get our classification. However the following lemmas allow us 
to claim that c is different from zero. 

Lemma 3.5. Let {X,H) be as in \3.1[ If c = then Nq/x is trivial. 

Proof. Since Nq/x is g-g-g-, then dim(i/°(X, iVc/jc)) > 2. Taking two inde- 
pendent sections we get a generically injective morphism O®^ Nq/x- This 
produces a nonzero global section of the det{NQ/x)- Since c — 0, this gives 
det{NQ/x) = O and Nq/x ^O®'^. ■ 

Lemma 3.6. Let X be an irreducible smooth projective variety of dimension 
bigger than or equal to 4. Assume that X contains a codimension two smooth 
subvanety G C X such that 62(G) = 1 and H^{G,0) = 0. If Nq/x = O®^ then 
p{X) > 1. 

Proof. The hypotheses imply that dim(ff°(G, Nq/x)) = 2 and H^{G, Nq/x) 
= 0, hence [G] is a smooth point of a 2-dimensional component Tl C Hilb(X). 
Furthermore, with the notation introduced in 12.21 we may assume that there exists 
an open subset Ho CH such that any element [Gt] G Wo corresponds to a smooth 
projective subvariety Gt C X for which Nq^/x — O®^, dni is an isomorphism and 
^2(Gt) = 1. This provides a finite morphism f — nili^ : Xq —> Xq from the universal 
family over Ho onto an open subset Xq C X. 

If / is generically one to one, then the Picard number of X cannot be one. 
Thus we may assume that deg(/) > 1. 
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Take a general [Gt] G Ho and define: Ct = {[G„] e Ho : G„ n Gt 7^ 0}. The 
subscheme Ct C Tio is nonempty by the hypothesis on deg(/) and it is different 
from Tig since / is a local isomorphism at every point. Given [G„] G Ct we claim 
that Ct C Cu- In fact since C2(Nq^/x) = 0, the self intersection formula tells us 
that Gu ri Gt is a divisor on Gt = G(l,r). Hence, given any [Gy] £ Ct we get 
G„ n Gu 7^ 0- The same argument leads to the equality Ct = Cu- 

As an abuse of notation let Ct stand now for the union of the one dimensional 
components of Ct- Now define Dq = UueCtCru which is a divisor on Xq and observe 
that for the general [Gs] € Ti-o we have Dq n G^ = 0. If p{X) = 1 is one then the 
closure D of Dq in X would meet Gs so that {D \ Dq) r\Gs ^% for any [Gs] G Ho- 
But D \ Dq is a finite union of codimcnsion two subvarieties of X, any of them 
algebraically equivalent to G. Then, the general Gs would meet an irreducible 
component of 13 \ Do in a divisor of Gs, contradicting the fact that Gs n Gs' = 
for general s,s' £Ho- ■ 



4. Varieties swept out by codimension tvfo linear spaces and quadrics 

The main result of this paper, Theorem ll.il classifies, under certain assump- 
tions, varieties swept out by deformations of G(l,r), with r > 4. For the sake 
of completeness, we have addressed in this section the cases r = 2,3, for which 
some ad hoc arguments are needed. They allow us to classify n-dimensional va- 
rieties swept out by codimension two linear spaces and quadrics. These problems 
have been already addressed by many authors, see for instance [S], (KSj and |BIj . 
Note that they allow higher codimension but they assume very ampleness of the 
polarization, which is not necessary in our case. 

An analogue of Proposition [3?3l already allow us to study varieties swept out by 
codimension 2 linear spaces. We have skipped the proof since it follows verbatim l3.3l 
Note that we need to use that projective spaces are rigid (iJ^(P"~^,Tpn-2) = 0) 
and that the only varieties containing linear spaces as ample divisors are linear 
spaces themselves. Note also that the only quadric containing codimension 2 linear 
spaces is Q*. 

Proposition 4.1. Let {X,H) he a polarized variety of dimension n > 4. 
Suppose that X is dominated by a family of deformations of L = P"^^, with 
H\l = 0{1). Then, with the notation of ll.ll either: 

14.11 1. Y is a normal surface and the general fiber of ^ is P"^^, or 

14.11 2. Y is a smooth curve and the general fiber of ^ is P"^^, or 

03. {X,H) = (P",C'(1)), or 

04. {X,H) = iQ\0{l)). 

Remark 4.2. The hypothesis n > 4 in 14. II is needed in order to get the bound 
Kl ■ £ + {n + 1)/2 < that allows us to apply Lemma [2.41 If rt = 3 and c — 
these arguments do not work. Nevertheless we can apply basic results of adjunction 
theory, see [E Section 1], to describe this case. If {X,H) is not (¥^,0{1)), (Q^ O) 
or a scroll over a curve, then Kx + 2H is nef and so t = 2. Hence, either {X, H) is 
a Del Pezzo threefold, or a quadric fibration over a smooth curve, or a scroll over 
a surface. 

In the case of quadrics, reasoning as above we obtain the following: 
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Proposition 4.3. Let {X,H) be a polarized variety of dimension n > 6. 
Suppose that X is dominated by a family of deformations of L ^ Q"^^, with 
H\l = 0{1). Then, with the notation of \l.l\. either: 

14.11 1. Y is a normal surface and the general fiber of ^ is Q"^^, or 

14.11 2. Y is a smooth curve and the general fiber of ^ is either f"^^ or Q"^^, or 
1411 3. {X,H) = (P",0(1)), or 

04. {X,H) = (Q",0(1)), or 

14.11 5. X is a Del Pezzo variety of Picard number 1 and H is the ample generator 
of Fic{X). 

The classification will be completed by determining which Del Pezzo varieties 
may be swept out by codimension two quadrics: 

Proposition 4.4. Let X be a Del Pezzo variety of dimension n > A and 
Pic{X) = ZiH . If X contains a (n — 2) -dimensional smooth quadric Q"^^ of H- 
degree 2, then X is isomorphic to a linear section o/G(l,4). 

This fact is based on Fujita's classification of Del Pezzo varieties (cf. [F2. 8.11, 
p. 72]). We are interested in those of Picard number 1, which are: 

I. X = X3 C P"+i is a hypersurface of degree three, or 
II. X = X2,2 C P"+2 is the complete intersection of two quadrics, or 

III. X = X4 is a degree four hypersurface in the weighted projective space 
P(l"+\2), or 

IV. X = Xq C P(1", 2, 3) is a degree 6 hypersurface, or 
V. X is isomorphic to a linear section of (G(l,4) C P^. 

Proof of Proposition 14.41 For each case denote by P the corresponding 
ambient space. We will discard Types I to IV by showing that Q := Q"^^ does not 
meet the singular locus of P and that the normal bundle Nq/p of a quadric Q in P 
of H-degiee 2 does not admit a surjective morphism onto Nx/p\q- More concretely, 
we claim that the pair {Nq/p, Nx/rlo) takes the values {0{Hf ® 0{2H), 0{iH)), 
{0{Hf®0{2H),0{2Hf), {0{H)®0{2Hf,0{AH)), {0{2Hf ®0{-iH),0{QH)) 
for Types 1 to IV, respectively. In Types 1 and 11 the line bundle H is very ample 
and the statement is immediate. We will show how to discard Type IV, being Type 
III completely analogous. The following argument was suggested to us by M. Reid. 

An embedding Q C P(l",2,3) = P is given by sections si, . . . , s„ £ i7°(Q, 0(1)), 
t e i?°(Q, 0(2)) and u e H°{Q, 0(3)). 

If si,...,s„ are linearly independent then they generate the homogeneous 
coordinate ring of Q. Choosing appropriate weighted homogeneous coordinates 
xi, . . . , Xn, ?/, z in P we may assume that Q C P is a complete intersection defined 
by the following equations: 

(2) {xl = xl-\ h xl, y = xifi + /2, z = Xig2 + gs), 

being fi and gi homogeneous polynomials of degree i in 2:2 , . . . , a;„ . This implies 
that the normal bundle takes the desired form. 

If si, . . . , s„ are not linearly independent then we may assume that Q lies on 
a subvariety of equations si = ■ • • = = 0, isomorphic to P(l"~', 2, 3). This case 
may be ruled out by showing that the quadric defined by the equations ([2]) cannot 
be projected isomorphically already into P(l"^^, y, z) (eliminating the variable Xi). 
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In fact the image of Q by this projection is defined by equations 

rank (^^"■^2 ^ ~ (a^l + • • • + (4 + ■ ■ ■ + ^1)92 \ ^ ^ 

\ fi 92 V- h z- / ' 

and the set of points having positive dimensional inverse image, defined by equations 
/i = 52 = y - /2 = z - 53 = 0, is nonempty. ■ 

Remark 4.5. Note that if we skip the hypothesis Pic(X) = Z in the previous 
proposition, there is just another possibihty, namely X ^ x P-^. 

Remark 4.6. Similarly to 14.21 let us point out that the hypothesis n > 6 of 
14.31 is needed in order to apply Lemma 12.41 We observe that if n = 5 and c ^ 
then 12.41 applies and the same conclusion as in [43] follows. If n = 5, c = then, by 
[BSW, Thm. 2.5], either X = x P^, or t = 3, and $ : X ^ y contracts Q^. If 
dim(y) = 2 then X is as in 14.31 1. If dim(y) = 1 then, for the general fiber F, we 
get —Kf ■ £ = 3 so that <I>f — $|f is the contraction of a extremal ray. Hence X 
is as in 14.31 2. If dim(y) = then p{X) > 1 bv 13.61 Hence ^ is not the contraction 
of a extremal ray and [BSWl 2.5.3] together with [W] describe (X, H) precisely. 

If n = 4 the situation is slightly different since contains two different families 
of lines. Nevertheless adjunction theory arguments (cf. [B Section 1], [BS2 ) and 
the understanding of the nef morphism of {X, H) and of its first reduction (cf. 
[BSW| ) allow us to give a more explicit description of {X,H). In fact if X is not 
F*, Q'* or a scroll over a curve, then Kx + 3i/ is nef and in particular r < 3 and 
c < 1. Now, with the exception of the cases in which {X, H) is either Del Pezzo (see 
Remark 14. 5|) . or a quadric fibration onto a curve, or a scroll over a surface, we may 
take the first reduction (X' , H'), that verifies that Kx'+SH' is ample. In particular 
r < 3. Now, by |BSW[ 2.1] and what we have proved, 2 < r < 3. Moreover, r = 2 
by [BS2| Thm. 7.3.4]. Hence, the nef value morphism $ : X' F' of (X',L') 
contracts Q^. if dim(y) = 2 then the general fiber is If dim(y') = 1 then the 
general fiber F has p{F) > 1 and F is one of the list of [Wj . If dim(y) = then 
X' is a Fano variety of index two, classically called Mukai varieties, described in 
|CLMj and [Ml], |M2,. 

5. Proof of the main theorem 

We are ready to prove Theorem 11.11 In view of Proposition 13.31 and Lemma 
13.61 we may assume that Pic(X) = "LH and that dei{NQ/x) — cH\g with c > 0. 
Since we are assuming that H is very ample, we will consider X as a subvariety of 
pAf p(i70(X, H)) and study linear subvarieties of P^ contained in X . 

In fact our proof involves describing the normal bundle Ni^/x of a general (r—l)- 
dimensional linear subspace L C G. Note that iank{N]^/x) = dim(L) + 2, hence, 
even if we check that Ni^/x is uniform, we cannot infer that it is homogeneous. 
In fact, it has been conjectured that uniform vector bundles on P* of rank smaller 
than 2s are homogeneous (cf. |BE] ). and homogeneous vector bundles on P** are 
classified for rank smaller than or equal to s + 2 (cf. [OSS| 3.4, p. 70], [Ell). 
However the conjecture has been confirmed only for rank smaller than or equal to 
s + 1, and some extra cases for s small. Nevertheless, in our particular case, we 
may prove the following: 

Lemma 5.1. In the conditions of Theorem \l.l[ assume further that p{X) — 1, 
and let L C G be a general (r — 1)- dimensional linear subspace. Then either 
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OL c^l and Nl,x = Tl{-1) © 0(1) © O, or 
03. c^2 and Nl/x = Tl{-1) ® 0(1)®^ 

Proof. Take a general line £ C L C G. Since Nq/x is g-g-g-, then N^/xle — 
0{ae) ® 0{bi) with < ai < and c = ae + bi. The vanishing {X, jx (H)) = 
implies that the ideal sheaf Xqi^n is generated by quadrics and, in particular, 
-^G/p"(^) ^'^'^ quotient Nq^^{2) are globally generated. It follows that at < 
bi < 2 and c < 4. Moreover [Si Lemma 2.4] tells us that the restriction of Nq/x\l 
to any hne £' C L through a general point of L has the same splitting type, (of, 6^). 

If c = 1, the above description implies that ae = 0, bi = 1 for any line £ C L 
passing through a general point x E L. Therefore Nq/x\l = 0(1) © O by Thni. 
1.1], and the exact sequence 

(3) 0^Nl/g^Tl{-1)^Nl/x^Ng/x\l^0- 

sphts: in fact H^{L,Tl{s)) = for all s since dim(L) > 3. This leads us to the 
case 15. 11 1. 

The same argument applies to c = 3 and c = 4. But in both cases we get that 
0(2) is a direct summand of Ni^/x, contradicting the fact that this is a subsheaf 

of TVi/piv = 0(1)®"-'-+!. 

It remains to deal with the case c = 2. Let us observe that in this case Nq /x — 
N'^^-^{2) is globally generated, hence in particular Nq/x\l is nef and Griffiths 
vanishing theorem [Lj Variant 7.3.2] tells us that H^{L, Nq/x\l{—2)) ~ for r > 4, 
i > and H^{L, iVG/x|L(— 3)) = for r > 5, i > 0. In particular taking cohomology 
on the Euler sequence tensored with ^g/xU ^'^^ using the isomorphism Ng/x\l — 
^G/xli(2)' we obtain H^{L,N^^^\l ® Tl{-1)) = and the exact sequence © 
splits for r > 5. Now observe that Ni^/x is nef (as an extension of two nef vector 
bundles) and injects into Nj^ /^n , thus it is uniform and its splitting type is composed 
of O's and I's. The splitting of Q implies that Nq/x\l is uniform too and we get 
[5Jl 3 for r > 5 by [OBSl Thm. 3.2.3]. 

If r = 5 and c = 2, consider the tautological line bundle ^ of the projective 
bundle tt : ^{Ng/x\l) L. Since Ng/x\l is nef then the Chern-Wu relation 
implies • 7r*ci(0(l)) = 8 — 4c2 > 0, where C2 stands for the degree of the second 
Chern class of Nq /x\l- Thus C2 < 2. But nefness also implies that = 16 — 12c2 + 
ci > 0, hence C2 < 1, > and Nq/x\l is big. In particular [Ll Variant 7.3.3] 
leads us to the vanishing h"" [L, Nq/ x\l{—0')) = for i > and a = 2,3, allowing 
us to conclude as in the case r > 5. 

The case c = 2 and r — A must be treated in a different manner. In this case 
Ni^/x is a uniform vector bundle of rank 5 and splitting type (0,0, 1, 1, 1). Using 
the classification given in |BE| we get that Ni^ /x is either 

• Tl(-1)®0(1)®2, or 
. 0(1)®3©C'®^ or 

• f7L(2)©0(l)®0. 

The first case leads us again to 15.11 3. and the last two cases can be excluded by 
proving that Ni^/x cannot contain O as a direct summand. In fact, using the exact 
sequence ([3]), and taking into account that Hom(TL(— 1), O) = 0, the cokernel 
Ng/x\l would contain O as a direct summand, too, and the only possibility would 
be Nq/x\l — O0O(2). But then the sequence ^ would split, contradicting again 
the fact that N^/x is a subsheaf of Nl/^n = 0(1)®""''+!. ■ 
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Remark 5.2. Let us point out that the hypothesis H^{X,2q^x{H)) — can be 
substituted by the hypothesis on the ideal sheaf Zg/pw to be generated by quadrics. 

The foUowing arguments finish the proof of Theorem 11.11 

End of the proof. With the same notation and assumptions as above, note 
that Lemma [5.11 implies H^{L, Nf^/xia)) = for all a G Z and, in particular [L] 
is a smooth point in Hilb(X). Denote by TC the unique component of Hilb(X) 
containing [L] and, with the notation presented in 12.21 (where L plays the role 
of G), denote by Nn the vector bundle on the universal family Iq verifying that 
Nt-c\li = N IX for [L'] £ Hq- It will allow us to use semicontinuity. 

We claim that, if c = 1 (respectively c = 2), the normal bundle iV^'/x splits 
again as Tl'(-I) © 0(l) © O (resp. as Tl-(-I) © 0(1)®2). If c = 1 (resp. c = 2) 
and < j < r-1, then H'{L, Nli^{-j)) ^ if and only if z = j = 0, l,r-l (resp. 
i — j — l,r — 1). Applying semicontinuity to and its twists, the same occurs for 
the general L' so that we conclude by using the Beilinson spectral sequence [OSSl 
Thm. 3.1.3]. 

In any case the normal bundle of a general deformation L' of L contains 0(1) as 
a direct summand, providing a smooth hyperplane section X' H nX containing 
L' (cf. |ABW) . [BS2| Cor. 1.7.5]). Therefore, by Bertini theorem, the general hy- 
perplane containing L' is smooth, too. Since L' is general we may assume that such 
a section exists passing through the general point x € X. Moreover by construction 
of X', either Nl'/x' = Tl'(-I) © O if c = 1, or Nl/x' = 7'l'(-1) © 0{1) if c = 2 
(cf. [NOl Lem. 4.3]). Note also that Lefschetz theorem provides Pic(X') = Z. 

At this point we apply |N01 Cor. 6.1.4] to X' , obtaining that it is isomorphic 
to a linear section of the Pliicker embedding of G(l, r + 1) and c is necessarily equal 
to 1. 

Let Cx C P(rix,x) be the variety of minimal rational tangents to X at a general 
point X (cf. |Hw] ) . which in this case is the set of tangent directions to lines in X 
through X. Since X' is a hyperplane section of G(l, r+1) then the corresponding 
hyperplane section of Cx is a hyperplane section of the Segre embedding x P''^ ^ C 
P^''"^, in particular it is a variety of minimal degree in F{ilx'.x)- Being Cx smooth 
by [Hwl Prop. 1.5], Cx must be the Segre embedding P^ x P''^^ C P^''"^ 

In particular, through a general point x G X there exists an r-dimensional 
linear space M C X. Moreover, the restriction of the normal bundle Nm/x to a 
codimension one linear subspace L' C M is Nm/x\l' — jx' — Tl'{—1) ©C and 
we conclude that X = G(l, r + 1) by [S] Main Thm.]. ■ 

References 

[ABW] Andreatta, M., Ballico, E. and Wisniewski. J. Projective manifolds containing large linear 

subspaces, Classification of irregular varieties (Trento, 1990), Lecture Notes in Math. 1515, 

Springer, Berlin, 1992, pp. 1-11. 
[ABW2] Andreatta, M., Ballico, E. and Wisniewski. J. Two theorems on elementary contractions, 

Math. Ann. 297, no. 2 191-198 (1993). 
[B] Badescu, L. Projective geometry and formal geometry. Instytut Matematyczny Polskiej 

Akademii Nauk. Monografie Matematyczne (New Series), 65. Birkhauser Verlag, Basel, 

2004. 

[BE] Ballico, E. and EUia, Ph. Fibres uniformes de rang 5 sur¥^, Bull. Soc. Math. France, 111, 
59-87 (1983). 

[BI] Beltrametti, M. C. and lonescu, P. On manifolds swept out by high dimensional quadrics, 
Math. Z. 260, no. 1, 229-236, (2008). 



VARIETIES SWEPT OUT BY GRASSMANNIANS OF LINES 



11 



[BSl] Bcltramctti, M. C. and Sommcssc, A. J. New properties of special varieties arising from 

adjunction theory, J. Math. Soc. Japan 43, no. 2, .381-412 (1991). 
[BS2] Bcltramctti, M. C. and Sommcssc, A. J. The Adjunction Theory of Complex Projective 

Varieties, Dc Gruytcr Expositions in Mathematics 16, Dc Gruyter, Berlin-New York, 1995. 
[BSW] Beltrametti, M. C, Sommesse, A. J., and Wisniewski, J. Results on varieties with many 

lines and their applications to adjunction theory, Complex Algebraic Varieties (Bayreuth, 

1990), Lecture Notes in Mathematics 1507, Springer, Berlin, 1992, pp. 16-38. 
[CLM] Ciliberto, C, Lopez, A. F., Miranda, R. Classification of varieties with canonical curve 

section via Gaussian maps on canonical curves, Amer. J. Math. 120 no. 1, 121 (1998). 
[E] Ein, L. Varieties with small dual varieties II, Duke Math. Journal 52, no. 4, 895-907 (1985). 
[El] EUia, Ph. Sur les fibres uniformes de rang (n + l) s«rP", Mem. Soc. Math. Prance (N.S.) 

no. 7 (1982). 

[Fu] Fu, B. Inductive characterizations of hyperquadrics. Math. Ann. 340, no. 1, 185-194 (2008). 
[Fl] Fujita, T. Vector bundles on ample divisors, J. Math. Soc. Japan 33, no. 3, 405-414 (1981). 
[F2] Fujita, T. Classification Theories of Polarized Varieties. London Mathematical Society 

Lecture Note Series, no. 155. Cambridge University Press, Cambridge, 1990. 
[Ha] Hartshorne, R. Algebraic geometry. Graduate Texts in Mathematics, No. 52. Springer- 

Verlag, New York-Heidelberg, 1977. 
[Hw] Hwang, J-M. Geometry f minimal rational curves on Fano manifolds. School on Vanishing 

Theorems and Effective Results in Algebraic Geometry (Trieste, 2000), ICTP Lect. Notes, 

vol. 6, Abdus Salam Int. Cent. Theoret. Phys., Trieste, 2001, pp. 335-393. 
[I] lonescu, P. Generalized adjunction and applications. Math. Proc. Camb. Phil. Soc. 99, 

457-472 (1986). 

[KS] Kachi, Y. and Sato, E. Segre's Reflexivity and an Inductive Characterization of Hyper- 
quadrics, Mem. Am. Math. Soc. 160, no. 763 (2002). 

[KeSo] Kebekus, S., Sola Conde, L.E. Existence of rational curves on algebraic varieties, minimal 
rational tangents, and applications. Global aspects of complex geometry, Springer, Berlin, 
2006, pp. 359-416. 

[KG] Kobayashi, S., Ochiai., T. Characterization of complex projective spaces and hyperquadrics, 

J. Math. Kyoto Univ. 13, 31-47 (1973). 
[L] Lazarsfeld, R. Positivity in Algebraic Geometry II. Springer- Verlag, Berlin-Heidelberg, 

2004. 

[Ml] Mukai, S. Fano 3-folds, in Algebraic threefolds, Proc. Varenna 1981, Lecture Notes in 

Math. 947, Sringer- Verlag, Berhn-New York, 1982, 35-92. 
[M2] Mukai, S. Biregular classification of Fano threefolds and Fano manifolds of coindez 3, Proc. 

Natl. Acad. Sci. USA 86, 3000-3002 (1989). 
[NO] NovcUi, C., Occhetta, G. Projective manifolds containing a large linear subspace with nef 

normal bundle, preprint 2008 arxiv: 0712.3406v2. 
[OSS] Okonek, C., Schneider, M. and Spindlcr, H. Vector Bundles on Complex Projective Spaces. 

Progress in Mathematics 3, Birkhausscr, Boston, 1980. 
[S] Sato, E. Projective manifolds swept out by large dimensional linear spaces, Tohoku Math. 

J. 49, 299-321 (1997). 

[W] Wisniewski. J. On Fano manifolds of large index, manuscripta math. 70, 145-152 (1991). 

Departamento de Matematica Aplicada, ESCET, Universidad Rey Juan Carlos, 
28933-M6sTOLES, Madrid, Spain 

E-mail address: roberto.munozSurjc.es; luis.solaSur jc.es 



